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Abstract 
(N ; 

^ I We consider the generalized Korteweg-de Vries equation 

: dtu + d^idlu + fiu))^0, {t,x)e[0,T)xR, (0.1) 

with general nonlinearity /. Under an explicit condition on / and c > 0, there exists 
I a solution in the energy space of (|0.1[) of the type u{t, x) = Qc{x — xq — ct), called 

■ soliton. 

I In this paper, under general assumptions on / and Qc, we prove that the family of 

soliton solutions around Qc is asymptotically stable in some local sense in H^, i.e. if u{t) 
is close to Qc (for all t > 0), then u{t) locally converges in the energy space to some Qc^ 
i as t —> +00. Note in particular that we do not assume the stability of Qc- This result is 

I based on a rigidity property of equation (|0.ip around Qc in the energy space whose proof 

relies on the introduction of a dual problem. These results extend the main results in [T^ . 
[13], [T3] and [IT], devoted to the pure power case. 



1 Introduction 

We consider the generalized Korteweg-de Vries (gKdV) equations: 

dtu + d^{dlu + f{u)) = o, (t,x) G [o,r) X M, (i.i) 

for u{0) = uq £ H^(R), with a general nonlinearity /. We assume that there exists an 
integer p > 2 such that 



f{u) = avF + fi{u) where a > and lim 

ti— >o 



vP 



0. (1.2) 
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This is the only assumption on / in this paper. Denote F{s) = Jq f{s')ds' . 

Note that the local Cauchy problem is well-posed in H^, using the arguments of Kenig, 
Ponce and Vega [7|, |8j, see Remark 3 below. Moreover, the following conservation laws holds 
for solutions: 

u\t) = I ul E{u{t)) = \j {dMt)f - I F{n{t)) = \j {d^uof - J F{uo) 

Recall that if Qc is a solution of 

Qc+f{Qc) = cQc, x£R, Qc€H\R), (1.3) 

then i?c,xo(^5 x) = Qc{x — xq — ct) is solution of (jl.ip . We call soliton such nontrivial traveling 
wave solution of (jl.ip . 

By well-known results on equation (11. 3p (see section 2), there exists c^,(/) > (possibly, 
c*(/) = +oo) defined by 

c*(/) = sup{c > such that Vc' G (0, c), 3 Qc' positive solution of (II. 3p }. 

See Section 2 for another characterization of c*(/) related to /. 

Recall that if a solution Qc > of (jl.3p exists then Qc is the unique (up to translation) 
positive solution of (jl.Sp and can be chosen even on M and decreasing on M"^. 

The main result of this paper is the following: 

Theorem 1 (Asymptotic stability) Assume that f is and satisfies ()1.2p . LetO < cq < 
c*{f)- There exists ao > such that if u{t) is a global {t > 0) solution of (jl.ip satisfying 



Vt>0, mi\\u{t,. + r)-QcJm <ao, (1.4) 

r6R 



then the following hold. 



1. Asymptotic stability in the energy space. There exist 1 1— > c{t) G (0, c.t{f)), 1 1— > p{t) £ M 
such that 

u(t) - Qc{t)i- - p{t)) ^ in H^{x> ^t) as t ^ +00. (1.5) 

2. Convergence of the scaling parameter. Assume further that there exists o"o > such that 
c I— > J Qc is not constant in any interval I C [cq — ctq, cq + ctq]. Then, by possibly taking 
a smaller oq > 0, there exits c+ € (0,c*(/)) such that c{t) ^ c+ as t — > -|-oo. 

The main ingredient of the proof of Theorem [T] is a rigidity theorem around Qcq . 

Theorem 2 (Nonlinear Liouville Property around Qcq) Assume that f is and sat- 
isfies (jl.2p . Let < Co < Cjf{f). There exists ao > such that if u{t) is a global {t G M) 
solution of (jl.ip satisfying, for some function 1 1— > p{t), C,a > 0, 

VtGM, \\u{t, . + p{t)) - QcWm < ao, (1.6) 
Vi,xGM, |n(t,x + p(t))| < Ce-'"l^l, (1.7) 

then there exists c\ > 0, xi G M, such that 

Vt,j;GM, u{t,x) = Qc^{x — x\ — c\t). 
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Theorem 1 above is fundamental in proving the main results of p!7], concerning the problem 
of collision of two solitary waves for general KdV equations. Indeed, as a corollary of the 
proofs of Theorem [U Theorem [2] and [TU], we obtain asymptotic stability of multi-solitons, 
see Section 5 for a precise result and more details on the proofs. See also [18] for more 
qualitative properties. 

The arguments of [16] and [T7] allow to describe the collision of two solitary waves in a 
large but fixed interval of time. Large time asymptotics are necessary to preserve the soliton 
structure after the collision as t — > +oo (Theorem [1] and Theorem [3] in the present paper and 
Proposition 2 in [18j). This is especially important in Theorem 1.1 of [17], where we describe 
the behavior after the interaction of a solution which is as t ^ —oo exactly a 2-soliton solution. 

Recall that the first result concerning asymptotic stability for solitons of (jl.ip was proved 
by Pego and Weinstein [22], for the power case in some weighted spaces (with exponential 
decay at infinity in space) under spectral assumptions, checked only for the nonlinearities 
and u^. This was extended by Mizumachi [21] under the same spectral assumptions with the 
condition J^^QX^^u'^{x)dx < +oo on the solution. 

Then, in [12] and [13], we have proved asymptotic stability in the energy space of the 
solitons of (II. ip in the power case respectively for p = 5 (critical) and p = 2, 3 and 4 
(subcritical). In these papers. Theorem 2 was also the main ingredient of the asymptotic 
stability proof. These results have been improved and simplified in [15] in the subcritical 
power case. The proof is direct, with no reduction to an Liouville property such as Theorem 
2. The proof uses a Virial identity which was verified only for u^, u"^ and n'* using the explicit 
expression of Q{x). Finally, in [11] the proof of the linear Liouville property (which is the 
main ingredient of the proof of Theorem 2) was simplified and extended in the power case for 
any p > 1. 

Theorems 1 and 2 above present the first result of asymptotic stability of solitary waves 
for (jl.ip with any nonlinearity, thus in cases where Qc{x) have no explicit expression. In par- 
ticular, the proof of Theorem 2 contains an intrinsic argument for any solitary wave satisfying 
< c < c*(/), which does not depend on a specific potential. 

We also point out that with respect to ^J, the arguments to prove Theorem 1 from 
Theorem 2 have been much simplified and extended. Instead of relying on the Cauchy theory 
in H'^ for < s < 1 as in [13], this reduction uses only localized energy type arguments 
(see proof of Proposition 4 and Appendix A). Moreover, the proof of Theorem 2 is direct, 
introducing a nonlinear dual problem. 

Remark 1. We focus on the case Qc > (other solutions are negative and can be addressed 
by changing f{u) into —f{—u) in equation (jl.ip ). The exponential decay assumption (jl.7p 
can be replaced by an assumption of compactness of u{t, . + p{t)) in L^, for t G M (see (12] . 

m)- 

Remark 2. Note that if Qc^ is nonlinearly stable (in the sense that ^/ Qc\c=co ^ ^' 
Weinstein [27]), then assumption (jl.6p can be replaced by the same assumption only at t = 0. 
However, the main point is that such a stability assumption is not needed to have asymptotic 
stability, which means that these two properties are not related. For example, in the power 
case for any p > 2, c^:{uP) = +00, and thus Theorem 1 holds in the subcritical (p = 2,3,4), 
critical {p = 5) and super critical case {p > 6), for any soliton. 

In the super critical and critical cases, the soliton is unstable (Bona et al. [2j, [14J). In 
Theorem 1, we make a global assumption on the solution (i.e. formally uq does not belong 
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to the instable manifold of the solitons). Whether or not such solutions exist in this case 
is an open question, however, the motivation of Theorem 1 in this case is to remove the 
possibility of any other dynamic around Q (such as for example quasi-periodic solutions close 
to Q or solutions oscillating between close solitons). In the case of the super critical nonlinear 
Schrodinger equation in dimension one, Krieger and Schlag [H] have constructed a subspace 
of codimension 5 of initial data in which a solution close to a soliton converges to the soliton. 

Remark 3. In the case f{u) = vP — au"^, where 2 < p < q are integers and a > is a 

constant, c=k is explicit: c=k = Sq~^ — asg"^, where sq = ''''' ■ Moreover, there is 

no soliton Qc for any c > c=k. Thus, Theorem 1 applies to any existing soliton in this case. For 
example, physical applications of this kind of nonlinearity in the context of the NLS equation 
are discussed in Sulem and Sulem [25]. See also Grillakis |5]. 

Note that the condition f £ can be relaxed. Indeed, all the arguments in this paper 
hold for f £ . The condition / G is only assumed to obtain well-posedness of the 
Cauchy problem in by [7], [8]. More precisely, for p > 3, well-posedness in for f £ C"^ 
follows directly from Theorem 3.6 in [7], and thus Theorems 1 and 2 hold for f £ C"^. If 
p = 2, one has to rely on the estimates and the norms introduced in the proof of Theorem 
2.1 of [8] for f{u) = V?, in the case f G (we expect that a compactness argument should 
work in this case for / G C^). 

Remark 4- It is clear that if ^ / Qc\c=co 7^ (c is not critical for stability) then c(t) has a 
limit by Theorem 1. Our condition in Theorem 1 is more general (for example, if / is analytic, 
then the assumption holds unless f{u) = u^). Moreover, in the case f{u) = u^, we do not 
expect convergence of c{t) for general initial data. 

Remark 5. One important tool in our analysis is a property of monotonicity of mass at 
the right in space for solutions of the KdV equation (see Appendix A). For the nonlinear 
Schrodinger equation, such a monotonicity property has been introduced in [20] to prove the 
stability of N solitary waves for a class of suitable nonlinearities, but so far not for proving 
asymptotic stability. The question of asymptotic stability of solitary waves for the NLS 
equation (nonlinear Schrodinger equation) is mostly open, see results for special nonlinearities 
by Buslaev and Perleman [3], Perelman p3] and Rodnianski, Schlag and Soffer [24]. It is a 
promising direction of research. 

Remark 6. In the integrable case (/(u) = n^), using the inverse scattering transform, a 
general decomposition result has been proved by Eckauss and Schuur [1]: any smooth (C*) 
and sufficiently decaying solution decomposes as t — > -|-oo in a finite sum of solitons plus a 
dispersive part that converges to zero in some sense. This implies the result of Theorem 1 
for this nonlinearity and such initial data. Such questions for the integrable NLS equation 
(cubic NLS equation in one space dimension) are open. 

The paper is organized as follows. In Section 2, we recall some prelimary results concerning 
solutions of ()1.3p . In Section 3, we prove Theorem 2 and in Section 4, we prove Theorem 1. 
Section 5 is devoted to the multi-soliton case. 

Acknowledgements. We wish to thank the referees for their useful comments. 
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2 Preliminary results 
2.1 Stationary equation (11.31) 

First, we recall the necessary and sufficient condition for existence of a solution of (jl.3p . 
and some properties of the solution. Let / be and satisfy (|1.2p (so that for any c > 0, 
— F{s) > for small positive s). 

Claim 2.1 Let c > 0. There exists a nontrivial solution Qc G H^{M.) {Qcixo) > for xq G M) 
o/ (|1.3|) i/ and only if there exists sq > the smallest positive zero of s — F{s) and sq 

satisfies csq — /(sq) < 0. 

Moreover, Qc is C^, unique up to translation and can he chosen so that (5c(0) = so, 
Qc{x) = Qc{—x), Q'cix) > for all x > 0. Finally, there exists K > such that 

Vx G E, le-^l^-l < Qc{x) < i^e-v^l^l, < i^e^^l^L (2.1) 

K 

Proof. We refer to Berestycki and Lions [Ij, Theorem 5 and Remark 6.3 in section 6 for the 
proof of these results. 

By assumption (jl.2p and Claim 12. 1^ there exists c > such that for any < c < c, Qc 
exists with ||Qc||l°° as c ^ 0. Thus we may define 

c* = sup{c > such that Vc G]0, c[, 3 Qc' positive solution of ()1.3p }. 

In the power case, we have c=k = +oo by scaling property. Note also that if c=k < +oo then 
from Claim 12.11 there exists no nontrivial solution of (II. Sp for c = df. 

Let us give another characterization of which is the one used in the proofs. 

Claim 2.2 A unique even positive solution Qc of (II. Sp exists and satisfies 

Vx G M, Qc{x)f{Qc{x)) - 2F{Qc{x)) > (2.2) 

if and only i/ < c < c=k . 

Note that this property is related to the Palais-Smale condition for the corresponding 
variational problem in dimension greater or equal than 2. 

Proof. First, let c > and assume the existence of Qc > solution of ()1.3p satisfying ()2.2p . 
Let Sc = Qc(0). Since Qd^) = {0,Sc], by ([22]), we have: 

VsG(0,Sc], s/(s) - 2F(s) > 0. (2.3) 

Let < c' < c. Let us prove that there exists a positive solution of (jl.3p for c'. Since 
^Sc—F{sc) < §5^ — -F(sc) = and (|1.2p . there exists < v < Sc the first zero of |-s^ — F(s), 
and by (p3]) . Sc'f{sc') - 2F{sc') > 0. Together with ^s^, - F{sc') = this implies that 
c'sc' — f{sc') < and thus by Claim [2m there exists Qc' solution of ()1.3p with c = c'. Since 
< c' < c is arbitrary, we have proved < c < c^,. 

Second, let us consider < c < c*. For the sake of contradiction assume that for some 
< s < Qc{0), sf{s) - 2F{s) < 0. Let < si < QdO) be the smallest such s, so that by 
(fOD . si/(si)-2F(si) = and sf{s)-2F{s) > on (0,si). Let c' = Since s ^ is 

2^0 2** 

strictly increasing on [0, si], si is the first zero of s i— > |-s^ — F(s). Using si/(si) — 2F(si) = 0, 
we obtain that c'si — /(si) = 0, which implies that equation (jl.3p has no solution for c = c', 
a contradiction with the definition of c*. 
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2.2 Linearized operator around Qc 

Let (p{x) be a even function such that < 9? < 1, |(y9'| + < 4 on M, (/? = 1 on [0, 1], 
(/9 = on [2,+cxd). Let (/, 5) denote the scalar product of / and g. We consider the 
hnearized operator around Qcq- 

C,, = -dl + co-nQc,). (2.4) 
Claim 2.3 Let < cq < c^:{f). The following properties hold 

1. There exist unique Aq > 0, Xco ^ H^{R), Xco > such that CcqXco = —^oXcoj 
(Xco,Xc„) = 1. 



2. For all u G , Cc^u = is equivalent to u = XQ'cq, A G 

For all h G L^, if {h,Q'^^) 
and CcU = h. 



3. For all h G Lp' , if {h, QL,) = then there exists a unique u G such that {u, Q'^) = 



Moreover, Cc^Sco = -Qco where Sc^ = ^Qc\c=co- 

4. There exist B,Xi,ai > such that for all c G [cq — cri,Co + cJi], the function Xc{x) = 
Xc{x)ip{§) satisfies 

XcQc > 0, — < — < Ao, (2.5) 

2 iXcXc) 

VnGF^(M), j uQ'^ = j uCcXc = ^ {£cU,u) > \i{u,u) . (2.6) 

Proof. The first three properties follow from classical arguments. See Weinstein [26j , proof of 
Proposition 2.8b for = 1 and proof of Proposition 2.10. Note that letting Scg = ■^Qc\c=co^ 
then by differentiating the equation of Qc with respect to c, we obtain Cc^Scg = —Qco- Note 
also that Xc{x) < Ke~^^^^ and ()2.6p holds for x- 

Now, let Xc{x) = Xcix)^{^)- By index theory of quadratic form, it is enough to check 
([231) . We have Xc > and Xc ^ 0, so that / XcQc > 0, {xcXc) = 1 + 0{e-^^) and 

jO-cXc = {CcXcM§) - y{Wc{%) - wV"i%)Xc so that {CcXcXc) = -Ao + 0(e-v^^). 
Thus, (j2.5p follows by taking B large enough. 

From now on, B is fixed to such value. Note that Xc has support in [—2B,2B], uniform 
in c G [co - cTi,Co + ui]. 

2.3 Decomposition of a solution close to Qco 

Lemma 2.1 (Modulation of a solution close to Qco) < cq < c*. There exist 
Kq > anc? ao > swc/i that for any < a < ao and Tq > 0, if u{t) solution of (jl.ip 
safe/ies 

VtG[0,ro], inf \\u{t)-Qco{.-r)\\ HI < a, (2.7) 
i/ien i/iere exist c{t) > 0, p(t) G C^([0, To]) sMc/i i/iai 



r?(t,x) =?i(t,x) -Qc(t)(a;-P(i)), (2.8) 
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satisfies, for all t G [0,To], 

Xc{t) (x - p{t))r]{t, x)dx = j Q[,(^) {x - p{t))r]{t, x)dx = 0, (2.9) 

|c(t) - col + ||r/(t) 11^1 <A'oa, (2.10) 

1 

\c{t)\ + \p'{t)-c{t)\ <Ko(yj ??'(t,x)e-l"-'^WIdxy . (2.11) 

Proof. This is a standard application of the imphcit function theorem. See for example |14j . 
Proposition 1 for details. Note that ^Qc'|c'=c = and -^Qc{x + x')|^.;^q = Q'^{x). Thus, 
the nondegeneracy conditions are (by Claim [23|) . 



3 Rigidity results 

This section is devoted to the proof of the rigidity theorem (Theorem 2), see Section 3.2. 
First, in section 3.1, we give a linear version of the result to present the main idea in the 
simplest case. 



3.1 Linear Liouville property 

In this section, under the assumptions of Theorem 2, we prove a rigidity result for solutions 
of the following linearized equation 

dtT] = d^iCcoi]), (t,x)£RxR, where Cc^^r] = -r]^^ + cqT] - f {Qcq)h]. (3.1) 

Note that the arguments of Lemma 9 in [12j (based on linear estimates of Kenig, Ponce and 
Vega [8]) prove that the Cauchy problem for (j3.ip is globally well-posed in H^{M.) (in a certain 
sense). By solution, we mean a solution constructed in this way. Any such solution can 
be approached by regular solutions which allows to justify formal computations. 

Proposition 1 (Linear Liouville property) Let < cq < c^{f)- Let rj G C(M, i!f^(M)) he 
solution of (j3.ip . Assume that there exist > 0, cr > such that 

V(t,x)GMxM, |r?(t,x)| < ife-'"l^l. (3.2) 

Then, there exists hQ ^R such that for all t G M, r]{t) = ftoQcg- 

Remark. Note that since Q'^^ verifies £coQco ~ ^ exponential decay, r/(i) = h^Q'^^ is 

solution of (|3T]) - (l3:2]) . 

Let •q{t) be an LL^ solution of (|3.ip satisfying (|3.2I) . As in [TT], we introduce a dual problem 
related to ry. 
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Lemma 3.1 (Introduction of the dual problem) Let 

v(t,x) = CcoVit, x) + a{t)QcQ where a{t) = _ i_!L_£2^£o . 

Then, v G C(R,H^{R)) and v{t) satisfies: 

1. Equation of v. 

dtv = Cc, (d^v) + a'(i)Qco, {t,x) G R x M. (3.3) 

2. Exponential decay. There exists K > such that 

y{t,x)£RxR, |t;(t,x)| < JsTe"— 1^1. (3.4) 

3. Orthogonality relations. 

Vt G R, j v{t,x)xcoix)dx = j v{t,x)Q'c^^{x)dx = 0. (3.5) 

4- Virial identity on the dual problem. Let 



Mco(2;)=-^^^ then -— J V {t,x)iJco{x)dx = J d^^vCcoivfXco) ■ (3.6) 

Proof of Lemma [3A[ 1. We have r]t = dxiCc^r]) = Vx — a{t)Q'^^^, thus using CcqQ'co ~ ^' 
obtain 

vt = CcoVt + a'{t)Qco = CcoVx + a'{t)Qco- 

2. Prom monotonicity arguments on r]{t) and on v{t), we claim that there exists K > 
such that for all t G R, 



J {vl + v'^){t) exp (^kl^ dx < K. 



(3.7) 

(proof in Appendix A). By ||?;exp ^-^^l^lj < /C||t;exp ^-^l^clj this implies (j3.4p . 
The fact that v G C(R, i^^(R)) then follows from the equation. 

3. By the choice of a{t) and Cc^Q'c^ = 0, we have 

j vXco = J ^coVXco +a{t) J QcoXco =0, J vQ'^^^ = j Cc^vQco + j QcoQ'cq = 0- 

4. Prom the equation of v and / Qcov{t)^co = — J 'v{t)Q'cQ — ^i have 

\jtj "^^^^'^^o " / ^^*^/^co = j Cco{dxV)vHca + a{t) j QcoVHco = J dxV Cco{v IMco)- 

Now, we claim the following. 
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Lemma 3.2 (Positivity of the quadratic form) For any < c < c.^{f), there exists 
A2(c) > continuous such that 



costi^^"^ {y/cx) ~ ^ ~ A2 cosh^~^(-v/cj;) 

V«; G "1 {w^i,) = ^ j {d^{^)fQl^'^ > X, J w^fi', " ^ (/ ^Xc) • (3.9) 

Proo/ of LemmalKM First, by Q'^' = cQc - f{Qc) and {Q'^f = cQl - 2F{Qc), we have by 
Claim \T2\ and < c < c^,, x / 0, 



= ^((^?c)' - QcQc) = ^(QcfiQc) - 2F{Q,)) > (3.10) 



and we obtain p.Sh from (II. 2p and ()2.ip and continuity arguments. 
Next, let z = ^ so that to/ic = —zQ'c- We claim 



y d^wCc (wf,,) = ^J {d^zfQlii',. (3.11) 



Using 

Cc {zQ',) = zCcQ', - 2d,z Q'; - dlz = -2d^z q;' - dlz q'^, 

we have 

- J d,wC,{wfi,) = J d,{Q,z)C, {zQ[) = j{Q',z + Q,d,z){-2d,zQ'^-dlzQ',, 
{z{Q',Ql)' + {d^z)\Q',f - iz2((Q'j2y/ _ 2{d.zfQ,Ql + \{d^z)\Q,Q!,)') 



^ \d,z)\{Q[)^ - Q,Q:) = I I {d^zfQliJi' 







2 J ^ ' 2 
by (IXTOl) . which proves (l3ll]) . 

Let .^(x) = 2;(x) cosh~^~(-^x). By (j3.8p and direct computations, we have (5 > 0) 

j {d^zfii'.Ql >S J id,zfcosh-P-\^x) = 6{CcZ,Z), (3.12) 

where CcZ = -Z^^ + ^{p+lf Z - f (p + l){p + 3)Z cosh"^(Vcx). By (I3l2l) . £c is a non- 
negative operator, with first eigenvalue associated to the function cosh ~{^ycx). From 
standard arguments, since the function QcXcCosh'^ {^/cx) > is nonnegative, not zero and 
belongs to (this is where we use that Xc is compactly supported), there exists A > such 
that 

-^J d^wCciwfic) = J {d.zff^'cQl > H^cZ,Z) >xjz^-^(^j ZQ,XcCosh"-^{VZx)^ . 
Since w = zQc = ZQc cosh^~ {^/cx), from (j3.8p . we obtain (A2 > 0) 
- / dxwCc{wHc) > A2 / tf^/i'c - ^ ( / ^«Xc 
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Proof of Proposition [7]. By (j3.6p , Lemma 13.21 and (j3.5p , we have 

~ljtl I i^Vco- (3-13) 

Since |/Xco(x)| < C on M and v{t) is uniformly bounded in time in L^, lim^^-i-oo / v^{t)l^co = l± 
exist and by integrating (|3.13|) . 

/ v^{t,x)fi' {x)dxdt < ^{l- - Z+) < +00. (3.14) 

By ()3.8p . it follows that for a sequence — > +00, we have v(tn) — > in L^2g^(IR) and thus by 
(fOI) . t;(t„) ^ in L2(M) as n ^ +00 and Z+ = 0. Similarly, l_ = 0. Thus, by (l3l^ and 
f G C(M,i?i), we obtain 

V(t, j;) G ]R X M, v{t,x) = 0. 

It follows that CcoV{t) = —a{t)QcQ. Thus, by Claim [231 we obtain, for some bounded 
function /3(t), 

r^{t) = a{t)Sc,+mQ'c,- 

By the equation of r/(t) (j3.ip . and the orthogonality of Sc,, and Q'^^^, we obtain /3'(t) = —a{t) 
and a'(i) = 0. Since /3(t) and a(t) are bounded, we deduce a{t) = and /3(t) = 6o- 

3.2 Nonlinear Liouville property - Proof of Theorem 2 

The proof of Theorem [2] follows the same lines as the proof Proposition ([1]). Consider now 
u{t) as in Theorem 2. We first decompose n(i, x) similarly as in Lemma [2. 1^ using modulation 
theory. We obtain, for all t > 0, 

r]{t,x) = u{t,x + p{t)) - Qc{t){x), (3.15) 

where c(t), p{t) are functions chosen so that 

j v{t,x)Cc^t)Xc{t){x)dx = j r]{t,x)Q'^(j_~^{x)dx = Q. (3.16) 

(The nondegeneracy conditions in this case are / ScC-cXc = / l^c{Sc)Xc = — J QcXc < and 
JiQ'cf > 0.) Recall that 

||?7(i)||^^i + |c(t)-co| <i^ao. (3.17) 

Thus, we can choose oq > small enough so that, for all t > 0, c(t) G [cq — (Tq, co+ctq] C (0, c^,), 
for (To > small enough so that Claim [2^31 and Lemma 13.21 apply to c = c{t). 
As for the linear equation, we introduce a dual problem. 

Lemma 3.3 (Dual problem for the nonlinear equation) Let 

v{t, x) = -T]^^ + cr]- {f{Qc + v) - f{Qc)) 

= C,rj - {f{Q, + rj)- f{Q,) - f'{Qc)v)- 

Then, v £ C{R,H'^{R)) and v{t) satisfies 
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1. Equation of v. 

vt = - 



-Vxxx + CVx - Vxf'iQc + ■>]) + {p - c)Vx + c{Qc + V) 

£^c{vx) - Vxif'iQc + ri)- f'iQc)) + {p - c)vx + c{Qc + ri). 



(3.18) 



2. Exponential decay. There exists K > Q such that, 

V(t,x) G M X M, |r?(t,x)| + \v{t,x)\ < i^e""^!"^!. 



(3.19) 



3. Estimates and almost orthogonality relations. There exists K > such that, Vt G M, 



+ \p' - c\ < K\\r]\\j^2, 



vQ'c 



+ 



<K\\v\\l2, WvWl'^ <K\\v\\l2. (3.20) 



4- Virial type estimates. There exists \3,B > such that, Vt G M, 



1 d 



^at J J A3 j\x\<B 



1 



(3.21) 
(3.22) 



Remark. Note that at the first order, we have v{t) ~ Ccrj{t), J vxc ~ and J vQ'^ ~ as in 
the proof of the linear Liouville property. 



Proof of Lemma \3.3[ 1. First, we write the equation of 7?(t), from (j3.15|) . (|1.1|) and (jl.3|) 

(3.23) 



7]t = Ut + p'Ux - c'Sc = -{Uxx + f{u))x + p'ux - C Sc 

= {-Tlxx + cr]- ifiQc + ri) - f{Qc)))x + {p - c){Qc + ri)x - d Sc 
= Vx + {p' - c){Qc + ri)x - c'Sc, 



where v = —rjxx + crj — {f{Qc + v) ~ f{Qc))- Now, we compute vf. 

Vt = -Vtxx + crjt - rjifiQc + v) + crj - cSc{f'{Qc + v) - f'iQc)) 

= -Vxxx + CVx - Vxf'iQc+i) + {P - c){-{Qc+r])xxx + c{Qc+r])x - iQc+v)xf'iQc+'n)) 
- c'{-Scxx + cSc - ScfiQc+v)) + c'v - c'Scif'iQc+v) - f'iQc))- 

Since Vx = -rjxxx + crjx - Vxf'iQc + v) - Q'df'iQc + v) - f'iQc)), we obtain 

Vt = -Vxxx + CVx - Vxf'iQc+v) + ip' - c)ivx + CcQ'c) - c' CcSc + c'rj. 



Thus, by CcQ'c = and CcSc = —Qc (see Claim [T3]) . we obtain (|3.18p . 

2. By monotonicity arguments, we claim that there exists K > (independent of oq) 
such that for all t G M, 



j ivl + v^)it)exp 



x\ ] dx < K. 



(3.24) 



See the proof of (j3.24p in Appendix A. Note that (j3.24p implies (j3.19p (see proof of Lemma 

EH). 
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3. By classical arguments (multiply ()3.23p by Xc (respectively, by Q'^ and integrate on 
M), we obtain |c'| + \p' — c| < i<'||r/||^2. See [H] for example. 

Next, jvQ', = JC,7]Q'^ - /(/(Q, + 77) - /(QJ - f{Qc)v)Q'c and since C,Q', = and 
\f{Qc+r])-f{Q,)-f'{Q,)r]\ < Kif (/ is C^), we obtain |/ vQ',\ < K f Since / 7]CcXc = 0, 
Jvxc = f{Ccr])Xc - JifiQc + v) - f{Qc) - f'iQc)r])Xc implies \f vXc\ < K J r,\ 

By Claim [213] and (j3.16p . we have {Ccr],r]) > Ai J 77^. Thus, since / is C^, 

{v, r,) = {C.rj, rj)- [ {f{Q, + r])-f{Q,)-f{Q,)r,)ri > \i ! rj" - KU\l^ [ r,^ > / 77', 



for ao small enough using (j3.17|) . Thus J rf < K J hy Cauchy-Schwartz inequality. 
4. Proof of ()3.2ip . By the equation of v 

1 d 

2 eft / ""'^'^ ^ ~ / ~ 2" / "^""^ ^ ~ / '^^^c^'^/^C'' + ^1 where 



- J vtvfic- ^ J v'^'^ = - J VxCc{vfic) + Ri where 

Ri= j if'iQc +v)- f'{Qc))iJ'cvxv + ^(p' - c) y + y '^'3c ~ / ^^/^c - ^ y 



By Lemma 13.21 and (I3.20p . we have 



v^CcivfJ-c) > A2 / V fi^- K\\r]\\^2 >\2 V ^1^- K\\r]\\L2\\v\\^2. 



Now, we prove < i^||r/||j;^2 1|7;||^^ and (j3.2ip will follow. 
Since / is C^, we have \ f'{Qc + ??) - f'{Qc)\ < K\ri\ and so 



{f'{Qc + V) - f'iQc))f^cVxV 



<K\\v\\l^ j H\vx\<K\\v\\l4r,\\j^2. 



By (!3.20p and since //c, A*c) ^ are bounded, we have 



\{P -c)j T^Vcl + Ic'l vQ',\ + \c'l + 1^1 v'^\ < K\\rjh2\\v\\l2. 



Proof of (j3.22p . By the equation of we have 



- — y x?;^ = — J xvtv = — j VxCc{vx) + i?2 where 



R2 



{f\Qc + 1]) - f'{Qc))xVxV + -{p - c) - c xvQc-c / xvr] 



First, by straightforward calculations, and using (j2.ip . (jl.2p 

-2 y t;,£e(t;x) = y" {3vl + v'- f\Q,y - xQ'j"{Q,)v^) > J {3vl + v^)-kJ v^e-'^^^l 



Now, we estimate R2: 



J{f'{Qc + v)- f'{Qc))xVxV <i^||7;|U- I \xv\\vx\ < K\\v\\l^\\xrj\\L2 



12 



for uq small enough, using (j3.17p and (|3.19p (the constant in (j3.19p does not depend on oq). 
We also have for oq smah, from (IXTTl) and (K20\\ . ^\p' - c\ f v"^ < jqIv"^. From (13:20]) and 

I^TDi . \d f xvQc\ < jqIv"^ + KJ Tj^e-'f^l^'l. Next, |c'/ xvr]\ < K\\v\\l2 J \xr]\\v\ < jo\\v\\jji 
is controled as above. In conclusion, we have proved: 

Now, fix i? > such that Kqc'^^^ < |. Then, we obtain 



2dt - 4 



|a;|<B 



Proof of Theorem 2. Consider u{t) as in Theorem 2 with ao > 0, small enough so that, for 
all t > 0, c{t) G [co — (To, Co + (To] C (0,c*), for (Tq > small enough so that Claim [23] and 
Lemma [S^S] apply to c{t). Let 



y{i) = -\ I {^J^c + eox)v'^, 



where = ^Aa^ inf{/i'c(x); |a;| < i?,c G [cq - cro,co + cro]} > 0. 
Then, from Lemma 13.31 and the definition of Eq we have for all t, 

V'{t)>\^ j v^^'. + XsEo j{vl + v^)-yJ\v\\l4r,\\L2-Y^Eo 



\x\<B 



|L2- 



Now, we choose ao > small enough so that by ()3.17p . i^||??(t)||L2 < ^AsEq- Thus, 

V\t) >eij (vl + v^), El = ^Aseo- (3.25) 
By (13.19p . V{t) is uniformly bounded on M, limt_»-|-oo V{t) = V±co and thus 



{vl+v^)<-{V+-V^). (3.26) 
£1 

Thus, there exist t„ ^ +oo such that v{tn) ^ 0, as n ^ +oo in i?-'^(M) and from (|3.19p . 
Vj^ = lim„^_|_oo y{tn) = 0. Similarly, V- = 0. Using (j3.26p again, we obtain 

Vt,xEM, v{t,x) = Q. 

From (fCTjl . Vt G M, 7?(t) = 0, d{t) = 0, p'(t) = c{t). Thus, by (fXTH]) . u{t,x) = Qc(q){x - 
c(0)t — /o(0)) is a soliton solution. This concludes the proof of Theorem 2. 
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4 Asymptotic stability - Proof of Theorem 1 



The proof of the asymptotic stabihty is based on the nonhnear Liouvihe property as in [13j . 

For a general nonhnearity, we do not use the direct approach used in ^5]. Indeed, for 
this approach, we would need spectral information on an linear operator related to £, which 
we are not able to prove in general. In contrast, the dual problem introduced in Section 
3 can be understood for general nonhnearity, since the underlying linear operator is always 
nonnegative (see Lemma l3.2p . This is an intrisic property of the dual problem. 

Since working with the dual problem requires more regularity on the solution, we cannot 
work directly on the original solution. Thus the proof of Theorem 1 consists in using 
Theorem 2 on limiting objects, which are more regular than the solution itself. 

However, we point out that the proof presented here is simpler than the one in |13j . 
Indeed, the convergence of u(tn) to an asymptotic object u(t) is obtained by monotonicity 
properties (such as Lemma lA.ip and not by the arguments of well-posedness for the Cauchy 
problem for (jl.ip in H'^ (0 < s < 1) and localization as in [l3j . 

We claim the following 

Proposition 2 (Convergence to a compact solution) Under the assumptions of Theo- 
rem 1, for any sequence t^ — > +oo, there exists a subsequence {t^{^n)) and uq £ H'^i^) such 
that for all ^ > 0, 

u{t^(^ri)^x + yo(t0(„))) uo in H'^{x > -A) as +oo, (4.1) 

where c{t), p[t) are associated to the decomposition of u{t) as in Lemma \2.1{ 

Moreover, the solution u{t) of (jl.ip corresponding to u{0) = uq is global {t G M) and there 
exists K > such that 

VtGM, \\u{t,. + p{t))-Qco\\H^ <ao, 
\/t,xeR, \u{t,x + p{t))\ < Kexp(^-^\x\^ ^^'^'^ 

where c{t), p{t) are associated to the decomposition of u{t) as in Lemma \2.1\ and p{0) = 0. 

Let us first prove Theorem 1 assuming Proposition [2] and then prove Proposition [2l 

Proof of Theorem 1 assuming Proposition\M Let u{t) satisfy the assumptions of Theorem 1 
and ao > small enough so that Theorem 2 holds. 

From Proposition O for any sequence t„ +oo there exists a subsequence t„/ and cq such 
that c(t„/) Co, and uq E iJ^(M) such that u{tn', ■ + p{tn')) — 'Uo — > in H^{x > —A), for 
any ^ > 0. Moreover, the solution u(t) associated to u{0) = uq satisfies (14. 2p and c(0) = cq, 
^(0) = 0. 

Now we apply Theorem 2 to the solution u{t). It follows that ii{t) = Qd {x — xi — cit). By 
uniqueness of the decomposition in Lemma [2T] applied to ■u(O), we have ci = cq and xi = 0. 

Therefore, u{tn', ■ + p{tn')) — Qco — > in H^{x > —A), for any A > 0, ov equivalently, 
u{tn', ■ + p{tn')) — Qc(t^i) — > in H^{x > —A) for any ^ > 0. Thus, this being true for any 
sequence tn — > +00, it follows that, for any A > 0, 

u{t, . + p{t)) - ^0 in H^{x > -A) as t ^ +00. 
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Now, we observe that J ~^ ^+ > as t — > +00. This follows from monotonicity 
arguments. See proof of Proposition 3 in [13] and also step 3 of the proof of Proposition [2l 

Assuming now that there exists ctq > such that c 1— > J" is not constant in any interval 
/ C [co — (Jo, Co + o"o]. By possibly taking a smaller ao > so that c{t) G [cq — fio, cq + do] for 
all it follows from the continuity of c{t) that c{t) has a limit as t — > +cxd. 

Finally, using the arguments of the proof of Proposition 3 in [I3J, we improve the conver- 
gence result to finish the proof of Theorem 1. 

Proof of Proposition\^ We consider a solution u{t) satisfying the assumptions of Theorem 1. 
First, we apply Lemma [2TT] to u{t): there exists c(t), p{t) satisfying (j2.8P " (|2.1ip . in particular, 
there exists K > Q such that 

Vt>0, \\u{t,.+ p{t))-Q,^\\Hi <Kao. (4.3) 

Let tn — > +00. The sequence . + p{tn)) being bounded in H^, there exists a subse- 
quence of (tn) (still denoted by {tn)) and no £ -ff^(M) such that 

u{tn, ■ + p{tn)) uq in weak. 

Let u{t) be the solution of (11. ip corresponding to u(0) = no and defined on the maximal time 
interval (— T_ , T+). 

Step 1. Exponential decay and strong convergence in on the right. 
Consider the function ip defined on M by 



vr 



ip{x) = — arctan I exp I 7 ) ) , so that lim+oo'0 = 1, lim_oo'0 = 0- (4-4) 



Following Step 2 of the proof of Theorem 1 in |15j and the monotonicity arguments for (II. ip 
(see Lemma lA.ip . we have for all xq > 0, 

limsup [ {u^ + u'^){t,x + p{t))^p{^/co{x — xo))dx < K ex.p ( —^^^^^xq] . (4.5) 
J \ 4 y 

Now, we prove the following 

for all ^ > 0, u{tn, . + pitn)) no in l2(x > -A), (4.6) 

VtoG[0,f+), sup [ {ul + u'^){t, x)exp ( ^x] dx < K (to) < +00, (4.7) 
te[OA)H V 4 y 

u{t,x)exp(^x) <K{to)<+oo. (4.8) 



sup 

te[o,to] 

Proof of (|4.6p . Since n(t„, . -|- p{tn)) uq in weak, we have n(t„, . + p{tn)) uq in 
-^Lc(^)' thus by (|4.5p . we obtain, 

for all A> 0, u{tn, ■ + p{tn)) in L^{x > -A). (4.9) 

Proof of (j4.8p . From ()4.5p and weak convergence in H^, we have for all xq > 0, 



^^^to + no)(x)V'(^/c;)(a; - xo))dx < i^exp ( -^^xo ) . (4.10) 
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Now, we prove a similar estimate for u{t), i.e. ()4.8p for t € [0, T+), with a rough constant 
and without using monotonicity arguments. This kind of property is quite well-known for the 
gKdV equation (see Kato ^). 

Let < to < T+- Note that supp^^^j ^ ^supp^fp] ll^tli)!!,?/! < K{to), and so 

\uf{u)\ + < K{tQ)v?. Thus, using < -0' < Kip and \ip"'\ < KV') by the computations 

of the proof of Lemma lA.H we have, for all xq > 0, 

-i=^ j u\t,x)i^{^{x-xo)) = j{-3ul + 2{uf{u)-F{u)))i^'i^{x-xo)) 

+ CO y u^i^"'i^{x - xo)) < K{to) j n20(^(x - xq)), (4.11) 

— - j (ul - 2F{u))i^{^{x - xo)) 

< Kito) [ {ul - 2F{u))ij{^{x - xo)) + K\to) [ u^HV^i^ - xo)). (4.12) 



First, we deduce from KW\\ and (fOTT) that Vt G [0,to], Vxo > 0, / u^it, x)ilj{y/c^{x - xo)) < 
K{to)exp (^-^xoY Then, by KW\ . we obtain 



[ul + u^){t, x)'ip{^/c^{x - xo))dx < K{to) exp (^-"^^oj • (4.13) 
By ([Oil , we have, for 5i > 0, Vt e [0,to], Vxq > 0, 

y (^i2+i,2)(^^^)g^pj^v|o^^^^< ^g^pj^vjo^^^ j (ul + u^){t,x)^{x - xo)dx < j-^K{to), 

and thus, passing to the limit xo — > +00, (j4.7p is proved. Finally, by ||ii'|||oo(2;>j,g) — 
2||^i'||L2(^>a,g')||«;^||2,2(a;>a;Q), and (j4.13p we also obtain the pointwise estimate ()4.8p . 

^tep Strong convergence of u{tn + t, . + p{tn)) to u{t) on the right. 
Lemma 4.1 T/ie solution u{t) is global, i.e. r_ = r+ = +00. Moreover, for all t €M, 
inf ||il(t, . + r) - Qcollz/i < -^"0, 

for all A > 0, u{tn + t, . + p{tn)) — > ^'(i) /^^(x > —A) as n ^ +00 , 
p{0) = 0, p(t„ + t) - pitn) p{t) as +00, 



where p{t) is associated to the decomposition of u{t) as in Lemma \2.1i 

The proof of Lemma |4. II contains the main new arguments. 
Proof of Lemma \4Tl\ For any t £ (— TL, 2\), we set 

Unit, x) = u{tn + t,X + p{tn)) - u{t, x). (4.14) 

Then, from the equation of u{t) and u{t) and (j4.6p . Vn{t) satisfies 

dtvn = -d,{dlvn + f{u + vn)- f{u)), t G (-T. , f+), X S M (4.15) 

vl{Qi)'^l){^/c^x) ^0 as n ^ +00. (4.16) 
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Convergence in L? at the right for t > 0. Let < to < We prove the following estimate: 



sup / vl{t)i,{^^x) < K{to) I vl{0)7p{^x). 

te[o,to] 



(4.17) 



Note that VtG [0,to], \\u{t)\\L°° < K\\u{t)\\Hi < -fC(to), and since / is and /(O) = /'(O) = 
\fiu + vn)- fiu)\ <K\vn\ and \F{vn)\ <K\vn\^ and \f{u + Vn)-f{u)-f{vn)\ <K\u\\vn\. 
By computations similar to the ones in the proof of Lemma lA.H we have 



]_d_ 

Co dt 



+ 2 / {fiu+Vn)-f{u))M{^x)),. 



We claim the following estimate of the nonlinear term: 

2 J {f{u+v„) - f{u)){vnHV^x))^ vL^'iV^x) + K j vl^i^^x) (4.18) 

Indeed, by direct computations; 

{f{u+Vn) - /(tt))(t'„V'(\/co a^))x 

{f{u+Vn) - f {u)){^/c^Vn1p' {y/c^x) + Vuxi^i^/c^ x)) . 
^ / {{f{u+Vn)-f{u))Vn-F{Vn))'^l^'{^/(^x) + / {f (u+Vn)- f {u)- f {Vn))Vnxi^{Vcox) 



= i + n. 

We have 



|I| < K{to) I vliP'i^x) 

II| <K{to) j \u\\v„\\Vnx\1pi^/co x) 



< Kito) 

< K{to) 



V'(v 


/c^x) 




/cqx) 




/c^x) 




/cqx) 



\Vn\\Vnx\^Jtp{^/cox)'^^J'{^/c^x) 



vlxi^'iVc^x] 



Vni'iV^x) 



By the expression of il^, we have ^/^^^^^^ < K{1 + e "s"^') and thus from ()4.8p . we obtain 

vl^iVc^x) 



|II| < K{to) ( / v'^^^lj'iV^x) 

1 



< I Vnxi^ i^/c^x) + K{to) I V^ipi^x). 
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Thus, ()4.18p is proved and by \'4)"'\ < Kil), we obtain 
1 d 



< -2 / + K{ta) / vii^'i^^x). (4.19) 



This gives (|4.17p . and so, by (|4.16p . we obtain 

sup / vj^{t)'^|J{^/cQx) ^ Q as n — > +00. (4.20) 

te[o,to] J 

In particular, for all ^ > 0, as n ^ +oo, 

u{tn + 1, . + p{tn)) u{t) in L^(x > — yl) and u{tn + t,. + p{tn)) u{t, .) in weak, 
by the uniform bound on u{t), and by ()4.3p . 

VtG[0,T'4_), inf ||u(t, . + r) — Qco < CKO; and so T+ = +oo. 

Convergence in L? at the right for t < 0. Let — T_ < < 0. There exist tti(O) G i?"*^ and a 
subsequence {t^(^n)) such that 

u{t^n) +ti,- + p{t(f>{n)) ~^ ui{0) in //^ weak as n ^ +oo. 

We reproduce on ni(0) the analysis done so far on u{0). In particular, let ui{t) be the solution 
of (jl.ip corresponding to tti(O) defined on (— Ti_,Ti-|-). It follows that Ti+ = +cxd and 

^(*0(n)5 • + p{t<p{n))) ~^ ui{—ti) in ff^ weak as n ^ +oo, and thus uq = ^i)- 

By uniqueness of the solution of we obtain 111(0) = u{ti) and u{t^(^n) + ^ij- + 

P(*</)(n))) ^'(ii)- In fact, the convergence ti(t„ + ti, . + p{tn)) u{ti) holds actually for the 
whole sequence (t„). 
As before, we obtain 

Vi > — T_, inf ||u(t, . + r) — Qcolli/i ^ cto and so T_ = +00. 

Therefore, we are able to define c(t), /5(t), associated to the decomposition of u{t) as in Lemma 
12.11 By continuity and uniqueness of the decomposition in H^, we have 

/5(0) = and for all t G M, p{tn + t)- p{t) p{t) as n ^ +00. (4.21) 

In conclusion, in addition to (j4.2ip . we have obtained so far, for all t G M, 

inf \\u{t, . + r) - Qco \\h^ < Kuq, 

for all j4 > 0, n(t„ + t, . + p{tn)) u{t) in L^(x > — ^4) as n — > +00 . 

Convergence in at the right. From the weak convergence and ()4.5p . there exists K > 
such that 

Vxo>0,VtGM, j{ill + u^){t,x + p{t))^{^{x-xo))dx<Kexp(^-^xoY (4.22) 
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and thus, as before, 

VteM,Vx>0, \u{t,x + p{t))\ < Kexp(^-^xY (4.23) 

Let Vn{t) be defined in (|4.14p for all t £R. We claim that 

Vt G R, j vl^{t)'ip{^x)dx -^0 as n ^ +00. (4.24) 

In particular, by (|4.24p and (|4.20p . this implies that for all t G R, for all A > 0, u{tn + t,.+ 
p{tn)) uit) in H^{x > —A) and Lemma l4.ll follows. 

Now, let us prove (j4.24p . Let to G I^- It follows from ()4.19p integrated on [^o — l,to] and 
Km . that 



to . 

2 



/to-1 

Thus, by (|4.5p . we obtain: 



v^n{t,x)ip' {^/cQx)dxdt ^0 as n — > +00. 



/ / v1^{t.,x)il}{^/cQx)dxdt ^ ^ as n ^ +00. (4.25) 
Now, we claim for any to ~ 1 ^ ^ ^ ^o^ 



v'jix{io)'4'{\/cQx)dx < I Vnx{t)4'iVcox)dx + K{to) / / Vnx{i')'4^{y/cQx)dxdt' 



to 



to-i 



+ K{to) sup I v1^{t')^{y/c^x)dx. 
i'e[to-i,to] 



(4.26) 



By (j4.20p and (|4.25p . we find j Vnj.{tQ)%lj{^/c^x)dx < f Vnx{t)'^{\^x)dx + o{l), and thus 
integrating on t G [to — l,to], using (|4.25p again, we prove (j4.24p . 

Now, let us prove (j4.26p . Define 

Jit) = I (vL - 2F{vn))m{^x)dx, 

so that 

-^^J = -3 J v^^^i)' {^/^x) + Co J vl^tp'" i^/^x) 

+ 2 1 {f{u + Vn) - fiu))xiVnx^iVc^x))x - 2 / {Vnxx + f [u + V„) - f {u)){f {Vn)i^{^/c^x))x 



< -2 y vl-.-.il)' {y/c^x) +K j {vl^ + vl)'^^J{^/c^x) 

+ 2 {f{u + Vn) - fiu) - fiVn))xVnxx'4^{Vcox), 
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by controlling terms as in the proof of (j4.18p {\\vn\/ip{\/cox)\\\oo ^ K J {v^^ + v^)il^{^/cox)). 
Now, we control the last term: 

J {f{u + Vn) - f{u) - f{Vn))xVnxx1p{\^x) 

Ux{f'{u + Vn) - f{u))Vnxx^{\fc^x) + Vnx{f'{u + Vn) - f {Vn))Vnxx1p{Vcox) 



<K I {\Ux\\Vn\ + \u\\Vnx\)\Vnxx\'^{y/c^x) 



< j vl^xi^' {^/c^x) + K 

Vn\fKV^ 



Il){y/C^x) 



lij'{y/C^x) 



vlx^{^/c^x) 



+ K 



2 i^i^/CQx) 



'^'{\fCQx) 



We have \\vn^fK^jW)\\l^ < K j{vl, + v^^ji^x) and < K{1 + e^^). Thus, 

using (fiTHl - ifi^ . we obtain 



j^J{t)<K j{vl, + vl)^{^ox). 



Integrating between t and to and using / F{vn)4'{^/cQx) < K f Vnil^{^/cox), (j4.26p is proved. 
Thus, Lemma l4.1l is proved. 

Step 3. Exponential decay of u{t,x). We prove 



yt,xe M, \u{t,x + p{t))\ < Kexp . 



(4.27) 



We claim 



o>0,VtGM, j u^{t,x + p{t)){l-^{^{x + xo)))dx <Kexp(^-^xoy (4.28) 

Note that (j4.27p is a direct consequence of (|i:23D . K28\\ and the global bound on u{t) 
using < 2\\w\\l2(^^>^^-,)\\wx\\l^x>xo)- 

Proof of (|4.28p . Estimate (|4.28p was already proved in the same context in [T^ and [TU] 
(see for example [19J, Lemma 7). Let us sketch a proof. 

We use monotonicity arguments similar to the ones in Lemma lA.li Let mo = J Uq. Let 
xo > and to £ By norm conservation and Lemma |4.H for n(xo) > large enough, we 
have 

mo - / n^(to)(l - V'(^/q)(x - p(to) +xo))) = / u^{tQ)7p{^/(^{x - p{to) + xq)) 



> j V?{tn + tQ)'\l){^{x - p{to + tn) + Xq)) - exp 

By monotonicity properties on u(t), for n' > n so that t„/ > tn + to, it follows that 
"^0 - y ^t^(io)(l - iPi\/co{x - p{to) + xo))) 

> j u\tn')iJi^/^ix - p{tn>) + Xq + ^(t„/ - (t„ + to)))) - exp ("^Xq) . 
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Again from the convergence of u{tn', ■ + p{tn') to u(0), for n' = n'(n, xq) large enough, we 
have / u'^itn')'^P{^/c^ix- p{tn') + xo + ^{tn'-{tn + to)))) > mQ - exp (^-^xq^ . This proves 

that / u'^{to){l - tp{^{x - p{to) + xq))) < Kex.p (-^xq) , thus (j4:28|) is proved. 
From Lemma l4.1l and (j4.27p . Proposition [2] is proved. 



5 Multi-soliton case 

Now, we give a apphcation of our results to the case of solutions containing several solitons. 
Let > 1, xi, . . . ,X]y G M, and 



0<4 < ... <c? <c*(/), Vi, 



d 



Ql 



>0, 



del ^'=i^='=^- 

it was proved in [lOj that there exists a unique solution U {t) in of (jl.ip such that 



(5.1) 



N 



U{t)-Y,Qc,{--Cjt-Xj) 



as t ^ +00. 



(5.2) 



This solution U{t) is called a multi-soliton solution (in [lOj, the result is proved only for the 
power case f{u) = vP for p = 2,3,4, 5 but the proof is exactly the same for a general /(«) 
with stable solitons in the sense (j5.1|) ). 

The stability of such multi-soliton structures has been studied previously in [19]. Indeed, 
the main result in [TU] is that under assumption (|5.1|) . if 



inf 



N 



u{Q)-Y,QA--rj) 



(5.3) 



for Lq large enough and ao small enough, then the solution u{t) of (jl.ip satisfies 



N 



yt > 0, 



inf 

rj-rj+i>Lo 



U 



< A{ao + e 



-7t\ 



(5.4) 



Again the proof of this result in [19] was for the power case {p = 2, 3, 4), but the same proof 
applies to a general f{u) under assumption (j5.ip . 

In [19], the asymptotic stability of such multi-soliton was also proved, but the proof was 
restricted to p = 2,3 and 4, since it was based on [15] (linear Liouville argument). As a 
direct consequence of Theorem 2 and the proof of Theorem 1, we now extend the asymptotic 
stability result by the following. 

Theorem 3 (Asymptotic stability of multi-soliton solution) Assume that f is and 
satisfies ()1.2p . Let N > 1 and < < . . . < < c^{f). There exist Lq > and ao > 
such that if u{t) is a global (t > 0) solution of (jl.ip satisfying (j5.4p then the following 
hold. 



21 



1. Asymptotic stability in the energy space. There exist t ^ Cj{t) G (0,c*(/)), t Pj{t) £ 
M such that 

N 

u{t)-Y.Q^At)(-- P^*^'^ inH\x>^t) as t^ +00. (5.5) 

i=i 

2. Convergence of the scaling parameter. Assume further that there exists ctq > such that 
c-^ J Q'^ is not constant in any interval I C [cj — (Tq, cj + ctq]. Then, by possibly taking 
a smaller oq > 0, there exits Cj^+ £ (0, c=k(/)) such that c{t) Cj^+ as t — > +00. 

Sketch of the proof. The proof of Theorem [3] does not use any new argument with respect to 
Theorems [T] and [2] and the proof of the main results in [19] . 

The first observation is that assuming ()5.4p , we have the analogue of Lemma 12.11 there 
exist Cj{t) > 0, pj{t) e C^([0, +00)) such that 

N 

rj{t,x) =u{t,x) -^Qc,(t){x - Pj{t)), (5.6) 
i=i 

satisfies, for all t G [0, Tq], for all j = 1, ... , A^, 

j Xc,{t)ix - Pjit))r]{t,x)dx = j Q'^f^^-^ix - pj{t))r]{t,x)dx = 0, (5.7) 

\cjit) - c^j\ + \\rj{t)\\Hi < Koao, p,{t) - p,+i{t) > ^ + at {a > 0), (5.8) 

1. 

\c',{t)\ + \p',{t) - c,{t)\ < Ko (1 r/2(t,x)e-l--^^WIdx) ' . (5.9) 

Now, we prove asymptotic stability by considering various regions related to the position of 
the solitons. 

(a) Asymptotic stability around the first soliton on the right. 

Here, WG follow exactly tli6 proof of Proposition [2} Let tn — > +00, for a subsequence 
i(j){n)j u{t^(^n)i- + Pi{t(j,{n)) ~^ ^o.ij and ui{t) solution of (jl.ip corresponding to ni(0) = uq^i 
satisfies ()4.2p . Indeed, in the proof of Proposition [21 only the behavior of the solution u{t) 
at the right of the soliton Qci{t) is concerned, the presence of — 1 solitons on the left does 
not change the argument. Thus, as in the proof of Theorem [H using Theorem [21 we obtain 
Mi(t) = Qci,+ (a; -ci,+t), where ci(t<^(„)) ci,+. Thus, for any ^ > 0, u{t,x + pi{t)) Q^^j^ 
on H^{x > —A). Finally, using only monotonicity arguments, we obtain 

u{t) - Qc,,^{. - pi{t)) ^ on H^{x > \{pi{t) + p2{t))) 

see [19], Section 4.1 and [15] . proof of Theorem 1. 

(b) Asymptotic stability on each solitons by iteration. We prove the result on the other 
solitons by iteration on j from 1 to of the following statement: 

3cj-+s.t. u{t)-Q^^^{.- pj{t))^{) onH\x>^ipj{t)+pj+i{t))), (5.10) 

(if j = N, the convergence is on H^{x > j^c^^t)). 
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Assume that (jS.lOp holds for 1 < jo < Let us prove it for jo + 1. The only point that 
differs from the case of j = 1 is the analogue of Lemma 14.11 to prove strong convergence in 
on the right. 

For any tn — > +oo, there exists Cjq+i, uo,jo+i such that (up to a subsequence still denoted 
by tn): 

u{tn, . + Pjo+l{tn)) UQjg+i in L;oc, Cj{tn) ^ Cj^+l, 

where i2o,io+i ^as exponential decay on the right. Set, for j = 1, . . . , jo, 

Rj{t,x) =Ry-\t,x) = Qc^^+{x - Cj^+t - pj{tn) + Pjo+l{tn)), 

jo 

Vn{t,x) =u{tn + t,X + Pjo+i{tn)) -Uj^+i{t,x) - '^Rj{t,x), 

i=i 

where ujo+i = n is the solution of (jl.ip corresponding to ttojo+i- 
Following Proposition O it is enough to prove 

(^nx + ■^n)!^' x)'tlj{^Cjg-^-ix)dx as n ^ +CX). (5-11) 

Proof of (|5.1ip . Let us just check convergence for J v'^{t, x)ip{y/cj^^x)dx, the case of Vnx is 
treated as in Proposition [2j First, we have 

jo jo 
dtVn = -d^id'^Vn + f{u + ^ Rj + Vn) - f{u) - ^ f{Rj)), and 

j=i j=i 



J vliO,x)ipiVcj;^x)d: 



X ^ as n — > +00. 

Computing (energy method) ^ / v'^{t, x)ip{-^Cjg+ix)dx, as in the proof of Proposition [21 the 
only term which has to checked is: 

jo jo 



{f{u + ^ i?j + Vn) - f{u) - ^ f{Rj))Vnxi^{y/Cjo+lx) = 

j=i i=i 

/jo jo 
{f{u + ^ + Vn) - f{u) - /(^ Rj + Vn))Vnxi^{^/Cjo+lx) 
j=i i=i 

/jo jo 
(/(^ Rj +Vn)-Y^ f{Rj))Vnx4^{V^x) =1 + 11. 
j=l j=l 

C J \u\{\Vn\+Y,\^j\)\''nx\HV^j^x) <C J \u\\Vn\\Vnx\HV^j^x) + Ce-''^^^+*\ 
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p JO 30 JO 

II = J {FiY^R, +u,) - Fi^Rj) - Vnf{^Rj)W{./^ix) 

j=i j=i j=i 

/jo jo 
j=i j=i 

/jo jo jo jo 

j=i j=i j=i j=i 

= III + ih + ih- 

Then < C jvli^'i^/cj-^x), I/I2I < Ce-'^(*"+*), I//3I < C j vl^{,/c-^x) implies 

vl{t,x)i){^J^-^x)dx < C j vl{t,x)^{,/c—^x)dx + Ce~''^^"+*\ 
and the conclusion. 



di 



A Monotonicity results 

Define ip^x) = |: arctan(exp(a;/4)), so that lim+oo^ = l, hm_ooV' = ^^'^ for all x G M, 
ip{—x) = 1 — ^(x). Note also that by direct calculations 

3(5i > 0, Vx < 0, ^p{x) > 5i exp , V'l^;) > (^i exp . (A.2) 
A.l Monotonicity arguments on u{t) 

Let u{t) be a solution of (jl.ip satisfying the assumptions of Lemma l2.ll for t G [0,7o]. Let 
xo > 0. We define, for < t < to < Tq: il^oit, x) = ipi^ix - p{to) + ^{to -t) - xq)) and 



'-Xo,to 



(t) = J u^(t,x)7po{t,x)dx, Jxo,toi't) = j {ul-2F{u) + cou^){t,x)ipo{t,x)dx. 



Lemma A.l There exists K = K[cq) > such that for oq small enough, for all < t < 
to < Tq, 



Ixo,to{to) - Ixo,to{t) < ^exp ^ ^^oj ' Jxo,to{to)-Jxo,to{t) < Kexp ^ |^^oj • (A.3) 

Proof of Lemma \A.l[ The proof is the same as the one of Lemma 3 in |15] for wP , we repeat 
it for a general nonlinearity f{u). By simple calculations, for (/> : R — > M of class C^, we have 

^ j u^(j) = 2 j UtU(j) = -2 y {Ur,^ + f{u))xU(j) = 2 I (Uxx + fiu)){Ux<j3 + U(j)') 

,2 a'" 



(-3^x2 + 2(n/(n) - F{u))) cl>' + u^' 
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di 



J (ul - 2F{u)^(j) = 2 j {uxtUx - f{u)ut)(l) = ~^ y "^tiuxx + f{u))4> ~ '^tUx<i)' 



{Uxx + f{u))'^(l)' + 2 {Uxx + f{u))^Ux(p' 



+ f{u)y-2ul, + 2ulf{u) 



b' + ul 



2 J,/// 



We obtain from the previous calculations and (jA.ip . for all t < to, 



< 



I {3ul + f - 2{uf{u) - F{u))) + 
{Sul + - 2{uf{u) - F{u))) iJox. 



U V'l 



Oxxx 



Let i?o > to be chosen later. 

(i) For t,x such that \x - p{t)\ > Rq, by (IXTD . 



\u{t,x)\ < Qcoix) + -QcoIIl- < Qcoix) + \\u{t) - QcoWm < K{e — ^« + qo). 

Therefore, for qq small enough and Rq large enough, we have, for such t, x: \uf{u) — F{u)\ < 
^ u^. Now, ao and Rq are fixed to such values. 

(ii) For t,x such that \x — p{t)\ < Rq then \x — p{t()) + ^{to — t) — xo\ > —\x — p{t)\ + 
\p{t) - p{to) + ij{to -t) - xo\ > -Ro + + xq, and so 

Therefore, since ^ K, we obtain 



d 
di 



3ti^ + 77^^ ) i^Ox — Ke 



/CO 



(to-t) 



/CO , 

e 



e 4 



'• (A.4) 



By integration between t and to, we obtain ()A.3p for Ixo,to- 
Similarly, using (jA.ip . we have 

U{nl-2Fiu))^o- 



iuxx + f{u)y-2ul, + 2ulfiu) 
y j (ul-2F{u)^ijox + j ulipoxxx 



^1 



Ox 



< 



{uxx + f{u)f + 2ul^ + j-u^ - 2ulf'{u) - coF{u) 



Splitting in two regions {\x — p(t)\ > Rq, \x — p{t)\ < Rq) as before, by the same argument, 
we control the nonlinear terms so that by (jA.4p 

jj{ul- 2F{u) + CO u^y^ <-j (2nL + + ^n^) Vox - Ke-^(*o-*)e-^-. 
Therefore, by integration, we obtain ()A.3p . Note for future use that for < t < to < Tq, 



r-to 




16 Jt 

{ul + con^)(to)V'o(io) + 



' 2 2 
Zi^ + CqU 



)i^Oxdt' < I u\t)Mt) + if exp [-^^0 ] (A.5) 



1 /■*« 
16 it 



< / (u^(t) + u^{t))iJoit) + if exp 



(li^^ + CqU^ + CqM )tpoxdt' 

Co 

xo 



(A.6) 
(A.7) 
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A. 2 Monotonicity arguments on the linearized problem. Proof of (13.71) 
Let r]{t) be as in Proposition [TJ We claim the following preliminary result. 

Claim A.l There exists K > such that, for all to G M, 

J ' J ivL + covl + cW) exp (^(^ - f - i)) dxdt < K. 

Remark. We obtain a gain of regularity on 7/(t, x) using the decay assumption (|3.2p and 
monotonicity arguments. 

Proof of Claim VA1[ Let to G K, xq > 0, and x = ^/cq[x — ^{t^ — t) — xq). Then, by similar 
calculations as in Lemma lA. 11 using in particular (jA.ip . we have 

^ j rf^ix) < -3^ j r]lip'{x) - ^Cq"^ j 

+ / v\V^of'{Qco)i''{x) - f"{Q,,Moi^(.^)) 



dt ^ 

By ([O]) and we have 

\f'{Qco{x))\ + \f"{Qco{x))Q',,{x)\ < KeM-V^o{p-l)\x\). (A.9) 

Using (j3.2p and arguing as in [11], proof of Lemma 5, we obtain for xq > (considering three 
regions), 



d 
di 



iff^{x) < -3^ j 7]li''ix) - ^cj^ j rj^ijj'ix) + exp (^-^ (^(to " " y)) • 



Integrating between t < to and to, we obtain, for all t 



v'^{to)'4^{Vco{x - xo)) + [ I + CQrj^W {x)dt 



< J rj^{t)^{^{x - f{to -t)- xo)) + exp 



Co 

Xo 



4 

Passing to the limit t — > — oo, using p.2p and then (IA.2p . we find, for all to, 

j {ril + coV^Wim < Kexp (-^^o) • (A.IO) 

r / [{vl + corj^)ew(^{x-f{to-t))dxdt 

j-oo Jx<xo+^(to-t) J V 4 y 

- Ti """^^ (^'^°) / " / ^^"^ ^ CQrj^W {x)dxdt < K. 
Let Xo +00, we find, for all to £ 

j " j ivl + W) exp (^^{x - f(to - t)^ dxdt < K. (A.ll) 
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Now, we use (jA.Sp . We expand the nonlinear term as follows: 
2 j {f'{Qco)v)xirixipix))x = 2 j {f'{Qco)Vx + f"iQco)Q'coV)iVxxip{x) + ^/Q)Vxi^' {x)) 

= j ^l{-f"{Qco)Q'co^{x) + y/Q)f{QcoW{x)) + 2 j y/c^f"{Qco)Q'cQ^'{x)riT^:c 

+ 2 j f"{Qco)Qco^{x)vVxx = I + II + III. 

Note that by (|X9]) . we have 

i\nQco{x))\ + \nQco{x))Q'c,{x)mx) < Kexp{-^{p - l)\x\)ij{x) < K^'{x). (A.12) 

Indeed, for x < 0, we have ^{x) < K'ip'{x) and for x > 0, we have < x < x and so 
exp(-^/q^(p - l)|x|) < Erexp(-^x) < Kip'{x). 
Thus, I + II < K /(r/2. + T]'^)4,'{x) and 

III < vLi^'ix) + K I ifij'ii). 

Prom ([XS]) . we obtain 

^ j vim + 2V^J vL^'ix) <K j [rg + rfWii). (A.13) 

From (jA.lip . there exists a sequence t„ — > — oo so that J r]'^{tn)ip{x) ^ as n ^ — oo. Thus, 
integrating (|A.13p between tg and t„ and passing to the limit as n — > +oo, using (|A.10p . we 
obtain, arguing as before, for all to £ 

f j vLm'{x)dxdt < Kexp (-^^o) , (A.14) 
I vLit) exp (^(x - f (to - t))) dxdt < K. (A.15) 

and Claim [ATT] is proved. 

Assuming that / is C^, one can apply monotonicity arguments again on r]xx{t) and con- 
clude the result for v. If / is only C^, we use the equation of v. Recall that we argue by 
density again. 

Proof of (13. 7p . Setting v{t) = v{t) — a{t)QcQ, we see that v{t) satisfies 

Vt = CcoVx- 

First, by the definition of v{t) and Claim [AJ] (see (jATTj) . (jAli]) ). we have 

J ° J v^{t)^'{x)dxdt < i^exp (^-^xq^ , (A.16) 

v'^{tn)ip{x)dx (A.17) 



27 



for a sequence t„ — > — oo, where x is defined in Claim [XT! By the equation of v, we have as 
in the proof of Claim lA.ll 

^ j vl'ilj{x) < -^\/co j {vl^ + covl)^p' {x) - j il{^f{Qco)'ilj'{x) - f" {Qco)Q'co^ix)). 

Integrating on (—00, to] ^-nd combining these estimates with ()A.16p . ()A.17p . arguing as in the 
proof of Claim IA.lt we obtain for all t G M, 



j {vl + cov^){t) exp (^^x^ dx < K. 



Using the transformation x —x, t ^ —t (the equation of v and the assumptions are 
invariant by this transformation), (j3.7p is proved. 

A.3 Proof of (I321D. 

We are in the context of Theorem 2. In particular, we assume (jl.6p and (jl.7p on the solution 
u{t). Using the same arguments as in the proof of Claim \KA\ we first claim the following 
preliminary result of u{t). 

Claim A. 2 There exists K > such that 

Vt . M, I A + c„„J + exp (f I. - m) £ (A.18) 

Proof of Claim lAT^ From ()1.7I) . letting t ^ —00 in (|A.5p . we have 



J J {^1 + cou^)ipoxdt < Kexp ^- 



co 

xo 



By ()A.2p . and then letting xq — > +00, 

r-to 



(< + con^)(t) exp -^(x - p{to) + f (to - t)) dxdt 
00 Jx<xo+p(to)-^(to-t) V 4 / 

< ^ exp ^-^2;o^ y j{ul + cou^)ipoxdxdt < K, 

f j {ul + cou^m exp l^{x - p{to) + f (to - t))) < i^. (A.19) 

Prom ()A.19p . there exists a sequence t„ — > — cxd such that j {u^{tn) + u'^{tn))ipo{tn) ^ as 
n +00. Thus, from ()A.6p - (|A.7p applied to t = t„, and passing to the limit as n ^ +00, 
we obtain ^ 

j j i'^lx + coul + clv?)ipQxdt < Kexp (^--^^0^ • 
Arguing as before with ()A.2p . we get, for all to) 

j ° j {ul, + coul + exp (^(x - p{to) + f (to - t))) dt < K. (A.20) 
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Now, we use a monotonicity argument on Uxx{t) to be able to give information on v{t). 
By similar calculations as in the proof of Lemma lA.ll we have 

^ j ulxi'O <- j {^ul^x + f ^L)V'Ox + j ul^{f'{u)7po - f"{u)Ux'>po) 
+ 2 j Uxxulf"iu)lpOx + 2 j Uxxxulf" {u)ilo. 

We control the nonlinear terms as before, and then using ()A.12p . 

j ulx{f'{u)i}Q - f"{u)UxiJo) + 2 J Uxxulf {u)i)Ox - ^ j i^lx + ul)i'0, 
Uxxxulf" {u)^)^ < j ul^^i)Ox + ^ j '^1^0- 

Arguing as before, we obtain the following conclusion, for all to £ 
j (ulx + coul + clu'^){to) exp (j^{x - p{to))^ 

J " Jiulxx + conlx + clul + 4u^){t) exp (^^{x - p{to) + f (to - dt < K. 



+ 



(A.21) 

Since equation p.ip is invariant by the transformation x — > — x, t —t, the claim is proved. 
Proof of \3.24^ . Estimate (jA.lSp and the decay on (5c{t) (see (|2.1|) ) imply: 



j f^(t, x) exp dx < K. 



From this estimate, using the equation of v and ()A.2ip . and arguing exactly as for the linear 
case (proof of (|3.7p ). we obtain (j3.24p . 
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